Abstract. We introduce a metric of mutual energy for adelic measures associated to the Arakelov-Zhang pairing. Using this metric and potential theoretic techniques involving discrete approximations to energy integrals, we prove an effective bound on a problem of Baker and DeMarco on unlikely intersections of dynamical systems, specifically, for the set of complex parameters c for which z = 0 and 1 are both preperiodic under iteration of fc(z) = z 2 + c.
Introduction
Petsche, Szpiro, and Tucker [13] , using local analytic machinery on Berkovich space, proved that the arithmetic intersection product introduced by Arakelov [1] and studied by many others, particularly Zhang [16] in the dynamical context, which they termed the Arakelov-Zhang height pairing in this context, satisfied the following theorem:
Theorem (Petsche, Szpiro, Tucker 2011). If φ, ψ are rational maps of degree at least 2 defined over a number field K, then the conditions:
(1) The Arakelov-Zhang height pairing φ, ψ vanishes, ( 2) The associated dynamical Weil heights h φ and h ψ are equal, ( 3) The sets of preperiodic points PrePer(φ) and PrePer(ψ) are equal. (4) The intersection PrePer(φ) ∩ PrePer(ψ) is infinite, and (5) lim inf
are all equivalent, where PrePer(φ) denotes the set of preperiodic points of φ and h φ denotes the Call-Silverman canonical height [7] , and likewise for ψ.
The first goal of this note is to prove that in fact the Arakelov-Zhang pairing is the square of a metric on a certain space of adelic measures M. This is done by studying the Arakelov-Zhang pairing as a sort of mutual energy pairing in the spirit of Favre and Rivera-Letelier [9, 10] . As it requires some technical background, we will defer the precise definition of adelic measures and the Arakelov-Zhang pairing to Section 2 below. Our first result is the following: For an adelic measure ρ defined over K, we denote by h ρ the associated Weil height and Z(ρ) = {α ∈ P 1 (K) : h ρ (α) ≤ 0}. Part of the interest in the Arakelov-Zhang pairing lies in the theorem of Petsche, Szpiro and Tucker that if α n ∈ P 1 (K) is a sequence of mutually distinct points such that
The symmetry of the pairing φ, ψ = ψ, φ reveals a remarkable symmetry in the limit above which naïvely would have been far from obvious. As applications of their results, Petsche, Szpiro and Tucker come up with several explicit height difference bounds and formulas for the pairing in specific instances and establish some connections to special values of certain L-functions (see [13, Prop. 18] ). In fact, once the metric property is recognized, the Arakelov-Zhang pairing becomes even more useful. The second goal of this paper is to give an application of this result to a problem of unlikely intersections in arithmetic dynamics that illustrates the utility of the triangle inequality for the mutual energy metric.
We recall a question posed by Umberto Zannier at the AIM workshop "The uniform boundedness conjecture in arithmetic dynamics" in 2008:
Question 3. Let S 0,1 denote the set of parameters c ∈ C such that z = 0, 1 are both preperiodic under iteration of f c (z) = z 2 + c. Is S 0,1 finite?
Inspired by analogous problems in arithmetic geometry of recent interest, such questions are referred to as problems of unlikely intersections in arithmetic dynamics.
(We refer the interested reader to the recent book of Zannier [15] on the subject of unlikely intersection problems.) Baker and DeMarco [3] were able to answer this question in the affirmative using local analytic techniques involving equidistribution. Specifcally, Baker and DeMarco proved that S 0,1 is finite, and moreover that the more general set S a,b of parameters c for which z = a, b are both preperiodic under iteration of f c (z) = z 2 + c is infinite if and only if a 2 = b 2 , in which case the generalized Mandelbrot sets M a and M b coincide (see Section 2 for further definitions).
However, these equidistribution results were ineffective and did not allow for explicit computation of the sets S a,b . Nevertheless, based on numerical evidence, Baker and DeMarco conjectured that in fact the set S 0,1 = {−2, −1, 0} (see [3, Conj. 1.6] ). Using the metric of mutual energy and some discrete approximation techniques, we are able to prove the following: Clearly, S 0,1 only contains algebraic integers, and in fact, it is easy to see that the height of such a set must be bounded, as such a c must contain all of its Galois conjugates in M 0 , which itself is contained in the disc D(0, 2) = {z ∈ C : |z| ≤ 2}. This gives a bound on the height of such c (trivially, h(c) ≤ log 2) and thus Theorem 4 gives an effective bound on the set of possible c ∈ S 0,1 .
The main idea behind the proof of Theorem 4 is similar to that of [3] , namely, that probability measures equally supported on the Galois conjugates of such a number c begin to equidistribute along the equilibrium measures of both M 0 and M 1 , but as these measures are distinct, this cannot be done too closely. The new ideas introduced in this paper which allow us to make these bounds effective are the notion of distance between two (adelic) measures defined via the metric above, and in particular, the triangle inequality for this metric. Together with discrete energy approximation techniques, these ideas can be used to obtain quantitative bounds involving the degree of the algebraic number c (see Propositions 13 and 14 below), leading to our results.
Lastly, we note that the technique used to prove the above result also can be used to give effective bounds for other unlikely intersection problems in arthmetic dynamics. The essential information needed to apply the techniques introduced in this paper are some potential theoretic information about the desired measures, particularly a bound on the modulus of continuity for the associated potential function near the boundary (which we do below in Section 4.1), and estimates on the mutual energy distance between the two measures, which can be obtained via finding algebraic numbers whose Galois conjugates roughly equidistribute along these measures (which we do below in Section 4.2).
Background and Notation
2.1. Basic potential theory. We will denote by A 1 , P 1 the usual affine and projective lines and by A 1 , P 1 the Berkovich affine and projective lines, respectively. We refer the reader to [4, 9, 2] for some basic references on Berkovich space. We define the standard measures λ v on P 1 (C v ) to be the probability measures which are either the Dirac measure on the Gauss point of P 1 (C v ) if v ∞ or the normalized Haar measure on the unit circle of C × if v | ∞. We let ∆ denote the measure-valued Laplacian on P 1 . We recall the following definition from [9] :
is a Borel probability measure on P 1 (C v ) which is equal to λ v for all but finitely many v and admits a continuous potential with respect to λ v at the remaining places, that is, for which ρ v − λ v = ∆g for some g ∈ C(P 1 (C v )).
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Let M denote the space of all adelic measures as defined above. Notice that if M K denotes the set of adelic measures defined over K then, under the natural inclusion maps, we can view our space of all adelic measures as the direct limit over all number fields K/Q:
In fact, we can make an even more advantageous decomposition in the following fashion: Let X denote the real vector space of all signed Borel measures spanned by the span of set {ρ − σ : ρ, σ ∈ M K }, and for each place v of a number field K, let X v denote the real vector space generated by the set of differences of v-adic adelic measures ρ v − σ v . We note that if ρ is defined over K and σ over L then ρ − σ is defined over the compositum KL, and hence each element of X is defined over some number field, and thus can naturally think of X as a direct limit
where our number fields are partially ordered by inclusion. Note that by our assumptions for adelic measures, for any ρ − σ we will have
If ρ is an adelic measure over K then we can define canonical heights h ρ on K which satisfy an equidistribution theorem (see [9] ; for dynamical heights an independent proof is given by [5] , and for a more geometric approach see for example [8] ; these equidistribution generalize earlier work of [14, 6] ).
Mutual energy.
We fix a number field K over whose completions our measures will be defined, and choose absolute values |·| v extending the usual absolute values on Q and let · v = |·|
, so that the set of absolute values { · v : v ∈ M K } satisfies the product formula.
We assume that ρ v , σ v are signed finite Borel measures on P 1 (C v ). We define, when it exists, the local mutual energy pairing to be
1 Adelic measures are defined twice in [9] , first in Defn. 1.1 and later in Defn. 5.1. The condition on the exceptional archimedean places is defined slightly differently in Defn. 5.1 as merely admitting a continuous potential ρv = ∆u locally in some neighborhood of each point on P 1 (Cv) = P 1 (Cv). However one can check easily that the conditions of locally admitting a continuous potential and having a global continuous potential with respect to λv are in fact equivalent, as any signed Borel measure with total measure zero is the Laplacian of some locally integrable function on P 1 (C), and the local condition implies that this global function must be continuous too.
where
denotes the Berkovich affine line over C v and Diag v = {(x, x) : x ∈ C v } (note we are only excluding the classical points of the diagonal). Throughout, in the non-archimedean case on the Berkovich line, the kernel x − y v in the above integral should be read as the natural extension to the Berkovich line of this distance, which (up to normalization of the absolute value) is denoted by sup{x, y} in the article of Favre and Rivera-Letelier [9, §3.3] and as the Hsia kernel δ(x, y) ∞ in the book of Baker and Rumely [4, §4] .
When ρ = (ρ v ), σ = (σ v ) are adelic measures we will sometimes write (( ρ, σ )) v instead of (( ρ v , σ v )) v to ease notation. When well-defined it is easy to see that the local mutual energy is symmetric. The local mutual energy exists in particular when ρ v and σ v are either Borel probability measures of continuous potentials with respect to the standard measure, that is, ρ v − λ v = ∆g for some g ∈ C(P 1 (C v )), or are probability measures supported on a finite subset of P 1 (K). In particular this applies for our adelic measures, and extends naturally by bilinearity to the vector space of signed measures arising from these measures. We refer the reader to [9] for proofs of these results.
We define the mutual energy pairing as the sum of the local mutual energies:
Notice that the above sum is in fact finite for the measures under consideration: if ρ, σ are adelic measures, then ρ v = λ v = σ v at all but finitely many places and (( λ v , λ v )) v = 0 for each v ∈ M K , and if either is a probability measure with support a finite subset of P 1 (K) almost all valuations will be trivial as usual (whether it is paired with an adelic measure or another such probability measure). Further, the choice of normalization for our v-adic absolute values ensures that the value above is well-defined under extension of our ground field, so it is an absolute quantity which does not depend on the particular choice of base field.
For α ∈ P 1 (K), let [α] denote the probability measure supported equally on the Galois conjugates of α over K, that is,
where G K = Gal(K/K) and δ z denotes the Dirac measure at z, which for z ∈ P 1 (K) we interpret as the adelic measure of the point mass at z at each place. (When the base number field K is understood, we may drop the subscript on [α] K .) Then the canonical height h ρ :
One can check that for the standard measure,
and so h λ = h coincides with the usual absolute logarithmic Weil height. When ρ = (ρ φ,v ) v∈M K is the adelic set of canonical measures associated to iteration of a rational map φ, then by [9, Thm. 4] we have h ρ = h φ is the usual Call-Silverman dynamical height [7] .
For an adelic measure ρ defined over K we define the set
Notice that if if ρ is the canonical adelic measure associated to a rational map of degree at least 2, then in fact Z(ρ) is precisely the set of preperiodic points.
2.3. Generalized Mandelbrot sets. Let us recall some of the notation we will use from [3] . Let f c (z) = z 2 + c for a (usually complex) parameter c. The Mandelbrot set M = M 0 is defined as
where f n c denotes the nth iterate of f c . We can define an analogous set for different inital values; in particular, we let
Both sets M 0 and M 1 are compact in C with connected complements and logarithmic capacity 1. We refer the reader to [3, Proposition 3.3] for proofs and more details regarding the generalized Mandelbrot sets. We denote by µ 0 the equilibrium measure of the set M 0 in the sense of complex potential theory, and by µ 1 the equilibrium measure of the set M 1 .
It is worth noting that we can (and should) view the above measures as the archimedean components of adelic measures µ 0 = (µ 0,p ) p∈M Q and µ 1 = (µ 1,p ) p∈M Q defined over Q with µ 0,∞ = µ 0 and µ 0,p = λ p for p ∞, and likewise for µ 1 . These are equilibrium measures for the adelic sets M 0 and M 1 , which consist of M 0 and M 1 at the archimedean prime, respectively, and the Berkovich unit disc at each finite prime. Baker and DeMarco thus construct a canonical height h M0 and h M1 relative to each set. We refer the reader to [3] for more details on this construction. As the non-archimedean components of these measures are trivial, we only require an analysis at the archimedean place for our desired application. Thus we will write d(µ 0 , µ 1 ) below where we might otherwise write d(µ 0 , µ 1 ), etc.
2.4. Regularization of measures. For this section (and particularly in Section 4), we will now assume our base number field K = Q. As above for z ∈ C, δ z denote the Dirac point mass at z. To each algebraic number α ∈ Q of degree d = [Q(α) : Q] we denote by (9) [α] = 1 d z∈G Q α δ z the probability measure on C supported equally on each Galois conjugate of α. We wish to find a regularization of [α] supported on C which admits a continuous potential. To do this, we use a regularization introduced in [11] (which itself is quite similar to the technique used in [9, §2] ). Specifically, for a given Dirac point mass δ x for x ∈ R, we will define δ x, to be the normalized unit Lebesgue measure of the circle {z ∈ C : |z − x| = }. We then define, for α an algebraic number of degree d,
It is immediate that these measures admit a continuous potential as defined above.
The metric of mutual energy
For adelic measures ρ, σ we define the Arakelov-Zhang height pairing to be
It seems sensible to also suggest that we might use the notation h ρ (σ) in analogy to the definition of h ρ (α), however, we note that we insist on averaging α over its Galois conjugates, and we make no such requirement on σ (indeed, we have imposed no requirement that our adelic measures are Aut(C v /K v )-stable at each place, though there are reasons we may want to restrict to such measures as a more interesting class; see Remark 3 for more on this). Nevertheless, this similarity suggests that in fact the symmetry in (1) is quite natural. We note that if we define a local Arakelov-Zhang pairing by
then in fact the Arakelov-Zhang pairing can be expressed as
We will show that our pairing agrees with that defined in [13] when ρ, σ are the canonical measures associated to iteration of rational maps of degree at least 2. It is obvious from the definition that the height pairing satisfies ρ, σ = σ, ρ and ρ, ρ = 0.
While for general signed Borel measures µ we may have (( µ, µ )) v < 0 for some v (see [9, §6] ), Favre and Rivera-Letelier show that if µ(P 1 (C v )) = 0 and µ has a continuous potential, then in fact, (( µ v , µ v )) v ≥ 0, with equality if and only if µ v = 0. It follows that if ρ, σ are two adelic heights then µ = ρ − σ meets this criterion at each place, and thus locally we have ρ, σ v ≥ 0 with equality if and only if ρ v = σ v , and so in fact we have: Proposition 6. Let ρ, σ be adelic measures. Then ρ, σ ≥ 0, with equality if and only if ρ = σ.
We also note as an almost immediate consequence of our definition: Proposition 7. Let ρ, σ be adelic measures. Then
Proof. We merely note, as is easy to check from our definitions, that
and likewise h σ (∞) = 1 2 (( σ, σ )), and further that since ρ, σ are adelic measures, the set Diag v is of ρ v ⊗ σ v -measure zero, so the result follows.
As a corollary of this result, we recover [13, Prop. 16] for adelic measures: Corollary 8. Let λ denote the standard adelic measure, which is the Dirac measure at the Gauss point at the finite places and the normalized Haar measure of the unit circle in the complex plane at the infinite places. Let ρ be an adelic measure. Then
Proof. Note that h λ (∞) = h(∞) = 0 for the standard height, and that the v-adic potential function is log + x v for the standard measure.
We now prove the key result of this paper, which by the results of Petsche, Szpiro, and Tucker is enough to conclude that our pairing agrees with the Arakelov-Zhang pairing when ρ, σ arise from iterating rational maps of degree at least 2:
Theorem 9. Let ρ, σ be adelic measures defined over the number field K. If {α n } ⊂ P 1 (K) is a sequence of mutually distinct algebraic numbers, then
Proof. As above we let [α n ] denote the probability measure supported equally on the K-Galois conjugates of α n , and as above we think of [α n ] as an adelic measure. Let us compute h σ (α n ):
We will first analyze the middle term, which is of the most interest. Write
The condition that h ρ (α n ) → 0 implies by the equidistribution theorem [9, Thm. 2] that we have weak convergence of measures
By our assumptions on adelic heights, we know there exists a continuous
By Lemmas 2.5 and 4.4 of [9] , we know that g v is integrable with respect to [α n ]. Since σ v − ρ v is an adelic measure, it does not charge the point 
where the last equality follows since we may as well assume α n = ∞ for all n, and we can apply weak convergence of measures
So we see that
Now, by our assumption that ρ, σ are adelic measures, we have ρ v = σ v = λ v at all but finitely many places v, independent of n, so in fact almost all terms are zero independent of n, so we can say that
so by the product formula,
and thus we can conclude that
Combining (15), (16), and (17), we obtain the desired result:
3.1. The mutual energy metric. Let X denote the real vector space of all signed Borel measures spanned by the span of set {ρ − σ : ρ, σ are adelic measures}, and for each place v of a number field K, let X v denote the real vector space generated by the set of differences of v-adic adelic measures ρ v − σ v . We note that if ρ is defined over K and σ over L then ρ − σ is defined over the compositum KL, and hence each element of X is defined over some number field, and thus can naturally think of X as a direct limit
where our number fields are partially ordered by inclusion. Note the direct sum is used here as it easy to see that by our assumptions for adelic measures, for any ρ − σ we will have
Using this result, we are now in a position to prove our main theorem.
Proof of Theorem 1. First, we prove that d(ρ, σ) satisfies the triangle inequality on the space of adelic measures. To see this, let X denote the real vector space of all signed Borel measures spanned by the span of set {ρ − σ : ρ, σ are adelic measures}, and for each place v of a number field K, let X v denote the real vector space generated by the set of differences of v-adic adelic measures ρ v − σ v . It follows from Propositions 2.6 and 4.5 of [9] that at each place v the energy pairing (( ·, · )) v is a symmetric, positive definite bilinear form on X v . In particular, we can define µ v = (( µ, µ )) 1/2 v for µ ∈ X v and by the usual arguments this defines a the vector space norm on X v . Then the Arakelov-Zhang pairing is equal to, for ρ, σ adelic measures defined over K,
(Notice that ρ v − σ v ∈ X .) It follows from the positive-definiteness of the norms · v that d(ρ, σ) will vanish if and only if ρ v = σ v at every place, or equivalently, if ρ = σ. Further,
satisfies the triangle inequality, using the triangle inequality for · v at each place v and the usual 2 -triangle inequality for the entire sum; specifically, suppose ρ, σ, τ are all adelic measures over K, then we have
We note in passing that all of the above sums are in fact finite, as by definition
v is the standard measure at all but finitely many places.
Remark 2. We note that if we fix place v of a number field K and define a local
, then the proof in the above theorem also shows that d is a metric on the local space of adelic metrics X v .
Proof of Theorem 2. Since the mutual energy pairing is nondegenerate, (1) is equivalent to (2), and (3) follows immediately from (2). Clearly (3) ⇒ (4), and (4) ⇒ (5) since we assumed that Z(ρ) ∪ Z(σ) was infinite, and (5) ⇒ (6) follows from the essential nonnegativity of the adelic height [9, Thm. 6] . It remains to show that (6) now implies (1), but it follows immediately by the equidistribution theorem of [9] that if there is a sequence of algebraic numbers α n which is simultaneously small for ρ and σ, then at each place v we have weak convergence [α n ] → ρ v and [α n ] → σ v , but this implies that ρ v , σ v define the same linear functionals on C(P 1 (C v )), and hence they are the same measures.
Remark 3. The assumption that ρ or σ is a global adelic measure, that is, that Z(ρ) ∪ Z(σ) is infinite, is essential to second part of this result. Dynamical heights, arising from iteration of rational maps, are always nonnegative and have an infinite set of preperiodic points. Both of these properties may fail for more general adelic measures, although adelic heights are always essentially nonnegative in the sense that
is finite for any fixed > 0. But more important, as noted too in [3, Rmk. 2.11], it may happen that Z(ρ) is finite; choose for example a compact Berkovich adelic set E which avoids infinity of logarithmic capacity γ ∞ (E) < 1, then one can show by the Fekete-Szegő theorem [4] that in fact Z(ρ) must be finite. Further, while (1) is always equivalent to ρ = σ for adelic measures, we cannot even assume that ρ = σ and h ρ = h σ are equivalent when Z(ρ) ∪ Z(σ) is finite. To see this, suppose that we took ρ p = σ p = λ p for all finite rational primes p, but ρ ∞ to be the equilibrium measure of the line segment {x + i ∈ C : −2 ≤ x ≤ 2} and σ ∞ that of {x − i ∈ C : −2 ≤ x ≤ 2}. Then since we define the height h ρ (α) for α ∈ P 1 (K) as an average over the Galois conjugates of α, h ρ = h σ even though ρ = σ. However, as we noted, exceptions like this can only occur when Z(ρ) ∪ Z(σ) is finite, which in this example is true because it is impossible to have a sequence of algebraic numbers equidistributing along either set in C due to the failure of the measures to be stable under complex conjugation.
Application to the unlikely intersection problem
Recall that by S 0,1 we denote the set of parameters c ∈ C such that z = 0, 1 are both preperiodic under iteration of f c (z) = z 2 + c. In this section we prove Theorem 4. In order to prove these results, we will need to establish upper and lower bounds on the mutual energy of the equilibrium measures of two sets M 0 and M 1 .
In this section we will only be performing our analysis at the archimedean prime, so we will write (·, ·) for (·, ·) ∞ for the archimedean energy pairing throughout this section. We will also set as our notation:
dropping the factor of 1/2 from the definition of the metric above for convenience. Notice that d ∞ again defines a metric when applied to the space of Borel probability measures on C that admit a continuous potential. Lastly, we note that for the adelic measures µ 0 associated to the adelic Mandelbrot set M 0 and µ 1 associated to the adelic Mandelbrot set M 1 , that
where µ 0 , µ 1 are the archimedean components of µ 0 , µ 1 respectively.
4.1.
Upper bound on the mutual energy of M 0 and M 1 . In this section, we will prove an upper bound (Proposition 13) on the mutual energy of the equilibrium measures of M 0 and M 1 based on the highest possible degree of a parameter c for which 0 and 1 are both preperiodic for f c (z) = z 2 + c. We begin with some preliminary lemmas.
Lemma 10. Let K ⊂ C be a compact set of capacity of 1 with connected complement Ω = C \ K. Then the Green's function g(z) = g Ω (z, ∞) with respect to infinity satisfies:
where dist denotes the usual Euclidean distance in C.
Proof. Our proof relies on a result of Löwner [12] , which states that for a continuum K with connected complement Ω = C \ K, if φ : Ω → ∆ = {w ∈ C : |w| > 1} is the standard conformal map satisfying φ(∞) = ∞ and φ (∞) > 0, then for all
where L u = {z ∈ C : |φ(z)| = 1 + u}. In particular, it follows in the case of cap(K) = 1 that for z ∈ Ω and t ∈ ∂Ω = ∂K, we have that
As the Green's function g(z) = log |φ(z)| ≥ 0, this yields
which gives the desired result.
We now prove an auxiliary lemma which will help us bound the error involved in approximating our discrete measures by appropriately regularized measures (compare [9 Proof. We will prove the case for M 0 , the case for M 1 being identical, mutatis mutandis. The canonical height vanishing is equivalent to z = 0 being preperiodic for f c (z) = z 2 + c. In particular, it follows that c is an algebraic integer, that G Q c ⊂ M 0 , and therefore
where g(z) = g M0 (z, ∞) = log|z − w| dµ 0 (w) denotes the Green's function of M 0 with respect to infinity. Further, as the support of [c] is never more than a distance of from M 0 , and as M 0 (and M 1 ) are known to be compact sets of capacity 1 with connected complements, it follows from Lemma 10 that
, which proves the desired inequality.
Lemma 12. Let F ⊂ C be a finite set and > 0. Then
This lemma improves on [9, Lemma 2.10] as the term C/|F | on the right hand side is removed.
Proof. We follow the same method as in the proof of [9, Lemma 2.10]. We note that for > 0 and two points z = z ∈ C,
so for each z = z , we have (δ z , δ z ) ≥ (δ z, , δ z , ). On the other hand, we have what is essentially the Robin constant of the disc of radius : (δ z, , δ z, ) = − log .
for such terms. On the other hand, if i = j but |α i − α j | ≤ 2 , then |x − y| ≤ 4 for all x ∈ D(α i , ) and y ∈ D(α j , ), and thus − log |x − y| ≥ − log (4 ), so − log |x − y| dδ αi, (x) dδ αj , (y) ≥ − log (4 ) in this case. Computing the sums above with these estimates for our chosen α results in the desired bound.
Repeating the same estimates above for the conjugates of β now yields: 
Proof.
We begin by expanding our expression:
log |x − y| dδ αi, (x) dδ βj , (y).
We again break up the terms in the sum based on the proximity of α i and β j . Suppose first that |α i − β j | > 2 . Then the discs D(α i , ) and D(β j , ) are disjoint, so as in the previous lemma's proof, we have log |x − y| dδ αi, (x) dδ βj , (y) = log |α i − β j |.
Now, the potential function of the disc D(β j , ) satisfies:
−U δ β j , (x) = log |x − y| dδ βj , (y) ≥ log cap(D(β j , )) = log , so for the terms with |α i − β j | ≤ 2 , we use instead the estimate that log |x − y| dδ αi, (x) dδ βj , (y) = −U δ β j , (x) dδ αi, (x) ≥ log .
With these two estimates, we obtain the desired bound.
We are now ready to prove Proposition 14.
Proof of Proposition 14. As α, β are algebraic integers, all conjugates of α are contained in M 0 , and all conjugates of β are contained in M 1 , by the same argument as we used above to derive equation (19), we have Although the problem of determining the set S 0,1 is of particular interest given the known overlap of the Mandelbrot sets M 0 and M 1 , the same techniques used above can be used to give bounds on the degree of elements in the sets S a,b for a, b other rational integers. In each case here, we choose
